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Abstract
String theory suggests a unique and unambiguous modification to General Relativity: the symmetry of
O(D,D) T-duality promotes the entire closed-string massless NS-NS sector to stringy graviton fields.
The symmetry fixes the couplings to other matter fields unambiguously and the Einstein field equations
are enriched to comprise D2 + 1 components, dubbed recently as the Einstein Double Field Equations.
Here we explore the cosmological implications of this ‘Stringy Gravity’. We derive the most general
homogeneous and isotropic ansatzes for both stringy graviton fields and the stringy energy-momentum
tensor. Substituting them into the Einstein Double Field Equations, we obtain the O(D,D) completion
of the Friedmann equations along with a generalized continuity equation. We discuss how this gives
an enriched and novel framework beyond typical string cosmology, with solutions that may be charac-
terized by two equation-of-state parameters, w (conventional) and λ (new). When λ + 3w = 1, the
dilaton remains constant throughout the cosmological evolution, and one recovers the standard Fried-
mann equations for generic matter content (i.e. for any w), an improvement over conventional string
cosmology where this occurs only for a radiation equation of state (w = 1/3). We further point out that,
in contrast to General Relativity, in Stringy Gravity there is no de Sitter solution arising from either an
O(D,D)-symmetric cosmological constant or scalar field with positive energy density.
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1 Introduction
Despite its many successes, General Relativity (GR) faces several well-known shortcomings when applied
to cosmology. In order to explain the large-scale dynamics of the universe, one needs to introduce dark
matter and dark energy. Furthermore, solving the horizon and flatness problems requires new dynamics,
such as inflation or bouncing cosmologies, involving additional degrees of freedom which may come into
play near the strong-coupling regime at which GR breaks down.
In order to make quantitative predictions about the very early universe, we need to invoke a consistent
theory of quantum gravity. String theory is currently the best-developed candidate, and its effects on cosmol-
ogy may be studied in the low-energy effective supergravity (SUGRA) limit at weak coupling [1]. However,
string theory does not predict GR exactly. In GR the spacetime metric, gµν , is the only gravitational field.
On the other hand, string theory predicts its own gravity, or Stringy Gravity, of which the fundamental fields
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consist of the massless modes of the closed string (or superstring NS-NS sector): the metric, gµν , the Kalb–
Ramond (NS-NS) two-form, Bµν , and the dilaton, φ. Traditionally, in the search for superstring vacua, one
treats the dilaton and B-field as moduli which should be dynamically stabilized by some mechanism [2].1
Assuming this has been done, one often then performs a Weyl transformation on the metric, bringing it from
the original ‘string frame’ to the ‘Einstein frame’: gEµν = gµν exp(−2φ0), where φ0 is the dilaton vacuum
expectation value in four-dimensional spacetime.
One immediate incongruity appears in the fact that such a program produces static vacua, whereas our
universe is known to be expanding dynamically. To address this in the context of string theory, one may
consider the other closed-string modes, in particular the dilaton φ, as dynamical degrees of freedom in
addition to the spacetime metric, leading to the well-studied SUGRA cosmology [1]. In fact, under the
O(D,D) symmetry of T-duality, where D is the number of spacetime dimensions, the whole set of closed-
string massless NS-NS fields {gµν , Bµν , φ} should transform into each other. A well-known example of
T-duality is the small-large duality R ↔ 1/R, which heuristically leads to the exchange of ‘momentum’
and ‘winding’ modes of the closed string [4, 5]. In recent years this O(D,D) symmetry has been made
manifest in the formalism of Double Field Theory (DFT) [6–11], in which D +D coordinates are used
to describe D-dimensional physics, with actual physical points identified as gauge orbits in the doubled
coordinate system [12, 13]. In this framework, Type IIA and IIB SUGRA, as well as non-Riemannian
gravities such as Newton–Cartan, ultra-relativistic Carroll, etc., are unified as different backgrounds of a
single theory.
One might therefore expect T-duality, being an exact symmetry of the full non-perturbative string the-
ory, to constrain the form of allowed interactions. Recently DFT has been extended to also incorporate
matter content (which may for example consist of the Standard Model [14] c.f. [15], or arise directly from
the Ramond-Ramond [16, 17] or R-NS sectors [18–20]) in a consistent way which preserves the O(D,D)
symmetry. The interaction is described via the so-called Einstein Double Field Equations (EDFEs) [21]
(see also [22] for a short summary), which accommodate the gravitational sector together with matter while
preserving invariance under the O(D,D) symmetry. This ‘Stringy Gravity’ thus represents the O(D,D)-
completion of General Relativity and SUGRA cosmology. Earlier discussions on the cosmological implica-
tions of the O(D,D) symmetry include [23–26] while other attempts to incorporate matter have also been
considered in [27–30].
1However, theO(D,D) symmetry fixes the minimal coupling of the closed-string massless sector to a point particle, which in
string frame results in the usual relativistic particle action prescribing geodesic motion. Thus, for a point particle the Equivalence
Principle is still valid in string frame, whether the dilaton is frozen or not [3].
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With the EDFEs as our starting point, in this work we derive generalized Friedmann equations which are
O(D,D) symmetric. Hereafter, we refer to them as the O(D,D)-complete Friedmann Equations (OFEs).
As will be shown, imposing the O(D,D) symmetry results in modifications to the conventional SUGRA
equations for Riemannian backgrounds. Perhaps surprisingly, one finds that whenever the dilaton is kept
constant, whether dynamically or through some appropriate coupling to the matter sector, the standard
Friedmann equations are recovered in the presence of any matter sources, not just for a radiation-dominated
universe as is the case in the usual string cosmology [31].
The organization of the present paper is as follows. In section 2 we review briefly the Einstein Double
Field Equations [21, 22]. In section 3 we derive our main result, theO(D,D) complete Friedman Equations
with D = 4. In particular, we introduce two equation-of-state parameters, w (usual) and λ (new). In the
following subsections we apply some DFT results from [21] to cosmology: in section 3.1 we summarize the
stringy energy-momentum tensors of various types of matter; and in section 3.2 we discuss energy condi-
tions. Appendix A contains a derivation of the most general cosmological, i.e. homogeneous and isotropic,
form of the stringy energy-momentum tensor within the framework of Double Field Theory. Section 4
discusses various solutions, such as a (generalized) perfect fluid, scalar field, and radiation.
In standard cosmology there are several key scenarios in which the evolution of the universe approaches
a de Sitter spacetime. These include the late-time Λ-dominated expansion and the hypothesized period of
inflation in the early universe. However, in recent years the question of whether or not de Sitter solutions can
be realized in a consistent theory of quantum gravity, such as string theory, has been widely debated (see, for
example, [32–45]). Hence in section 5 we investigate in detail the possibility of realizing de Sitter solutions
inO(D,D)-symmetric cosmology, and find that it appears to require solutions with negative energy density,
a violation of the weak energy condition. We conclude with comments in section 6.
2 TheO(D,D) paradigm: review of the Einstein Double Field Equations
In General Relativity (GR) the metric, which sets the local geometry, is the only field responsible for grav-
itational phenomena. All other fields are classified as additional matter and couple unambiguously to the
geometry via a minimal coupling, i.e. promoting ordinary derivatives to covariant ones and generalizing
volume elements. This procedure ensures covariance under both diffeomorphisms and, with the vielbein
formalism, local Lorentz symmetry.
The situation is more involved in supergravity, in which the gravitational sector includes three different
fields: the metric gµν , theB-fieldBµν , and the dilaton φ. Together with the symmetries from GR, SUGRA is
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also invariant under gauge transformations of theB-field. Although both setups are very similar, in SUGRA
not all of the fields responsible for gravity are also geometric: that role is exclusively reserved for the metric.
Only since the introduction of DFT [6–11] has it been possible to consider all gravitational fields on the same
footing, as being responsible for defining geometry. Note that the DFT geometry is still not fully understood
in the mathematical literature, and although it recovers Riemannian backgrounds under certain conditions,
it is certainly much more general, see e.g. [46–61]. The geometrical framework of DFT allows us to define
a generalization of the scalar and Ricci curvatures, S(0) and PAC P¯BDSCD [62] (c.f. [63, 64]), respectively,
both of which may reduce to the usual definitions with a trivial dilaton and B-field. The natural next step is
to include matter content into such a framework: this was accomplished in [14] and the resulting interactions
between gravity and matter are described by the Einstein Double Field Equations (EDFEs) [21, 22],
GAB = 8piGTAB , (2.1)
where the above indices are charged under the O(D,D) symmetry group. The left-hand side corresponds
to the string-theoretic extension of the Einstein tensor which is conserved off-shell [65],
GAB = 4P[A
C P¯B]
DSCD − 1
2
JABS(0) , DAGAB = 0 , (2.2)
while the right-hand side is the corresponding generalization of the energy-momentum tensor, which is
conserved on-shell [21],
TAB = e2d
(
8P¯ [ACP
B]
D
δLmatter
δHCD −
1
2
J AB δLmatter
δd
)
, DATAB = 0 . (2.3)
These objects respect all symmetries of DFT.
Our starting point for this paper is to consider purely Riemannian backgrounds in the above equation
(c.f. non-Riemannian ones [58]). In such cases, (2.1) reduces to
Rµν + 25µ(∂νφ)− 14HµρσHνρσ = 8piGK(µν) ,
5ρ
(
e−2φHρµν
)
= 16piGe−2φK[µν] , (2.4)
R+ 42φ− 4∂µφ∂µφ− 112HλµνHλµν = 8piGT(0) ,
where R and Rµν stand for the usual Ricci scalar and tensor in string frame, respectively, while Hµνρ is the
field strength of the B-field. The skew-symmetric K[µν] and the symmetric K(µν) can be understood (up to
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equations of motion) as the matter sources for the B-field and the traceless part of the metric, respectively,
while T(0) corresponds to the matter sourcing the trace of the metric and the dilaton. The terms on the
right-hand side of the latter two equations are absent in SUGRA, and their inclusion above characterizes
a modification, or conceptual generalization, of standard SUGRA cosmology in terms of how the matter
sources are coupled to the stringy gravity sector. The inclusion of these terms puts all gravitational fields on
an equal footing, and crucially is a direct result of imposing thoroughly the O(D,D) symmetry on the DFT
action coupled to matter.
Together with the above equations, there is also an on-shell conservation law for the stringy energy-
momentum tensor, arising from ‘doubled’ general covariance. This is also consistent with the fact that the
stringy Einstein curvature tensor is, by construction, covariantly conserved off-shell [65]. On Riemannian
backgrounds this conservation law reduces to the equations
∇µK(µν) − 2∂µφK(µν) + 12HνλµK[λµ] − 12∂νT(0) = 0 , ∇µ
(
e−2φK[µν]
)
= 0 . (2.5)
The above equations may be derived from the spacetime action∫
d4x
√−ge−2φ
[
1
16piG
(
R+ 42φ− 4∂µφ∂µφ− 112HλµνHλµν
)
+ Lmatter
]
. (2.6)
This differs from the usual SUGRA cosmology action by the fact that the O(D,D)-invariant measure,
e−2d ≡ √−ge−2φ, couples to the entire matter Lagrangian as √−ge−2φLmatter ≡ Lmatter (where Lmatter
is the Lagrangian density of (2.3)) and hence matter is coupled not only to the metric but also to the dilaton
and B-field (through the covariant derivatives). Also note that the metric gµν above is the string (Jordan)-
frame metric rather than the Einstein-frame metric.
3 O(D,D) completion of the Friedmann equations
In this section we obtain the most general ansatz for a D = 4 homogeneous and isotropic cosmological
background. This allows us to write down the resulting O(D,D) completion of the Friedmann equations.
The DFT-Killing equations for Riemannian backgrounds are given by [21] (see Appendix A)
Lζagµν = 0 , LζaBµν + ∂µζ˜aν − ∂ν ζ˜aµ = 0 , Lζaφ = 0 , (3.1)
where ζa are ordinary GR Killing vectors, while the ζ˜a are corresponding one-forms required to complete
the parametrization of DFT isometries. In order to study cosmology we should consider homogeneous and
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isotropic backgrounds, in which case these DFT-Killing vectors will correspond to spatial rotations and
translations. In such cases the most general solution is given by
ds2 = −N2(t)dt2 + a2(t)
[
1
1−kr2dr
2 + r2dΩ2
]
,
B(2) =
hr2√
1−kr2 cosϑ dr ∧ dϕ ,
φ = φ(t) ,
(3.2)
where dΩ2 = dϑ2 + sin2 ϑdϕ2, B(2) = 12Bµνdx
µ ∧ dxν , k corresponds to the spatial curvature, and h is a
constant corresponding to the magnetic H-flux
H(3) =
hr2√
1−kr2 sinϑ dr ∧ dϑ ∧ dϕ . (3.3)
We emphasize that non-trivial H-flux is compatible with the cosmological principle only for D = 4. More-
over, we must impose the same symmetry conditions on the matter sector, resulting in the Killing equations2
LζaKµν = 0 , LζaT(0) = 0 . (3.4)
The latter implies that T(0)(t) is a time-dependent function, while the former implies that Kµν is diagonal
and spatially homogeneous,
Kµν =

Ktt(t) 0
0 Krr(t)δ
i
j
 , (3.5)
where Ktt(t) and Krr(t) are time-dependent functions, and K11 = K22 = K33 ≡ Krr(t).3
2Note that the equations of motion (2.4) imply that for homogeneous and isotropic solutions (3.2), the antisymmetric part of
Kµν must vanish.
3Since the above ansatz has been written forD = 4, we are not considering critical strings. However, it can easily be generalized
to arbitrary dimensions.
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Applying the ansatz (3.2) and (3.5) to (2.4), we obtain the O(D,D)-complete Friedmann equations,
8piG(Ktt + 3K
r
r − T(0))N2 = −h
2N2
a6
+ 6Hφ′ − 2N
′φ′
N
− 4(φ′)2 + 2φ′′ ,
8piGKttN
2 = −3HN
′
N
+
2N ′φ′
N
+
3a′′
a
− 2φ′′ , (3.6)
8piGKrrN
2 = −h
2N2
2a6
+
2kN2
a2
+ 2H2 − HN
′
N
− 2Hφ′ + a
′′
a
,
where H ≡ a′/(Na) and the prime denotes differentiation with respect to the time coordinate of (3.2).
Furthermore, applying the ansatz to (2.5) yields one non-trivial conservation equation,
d
dt
(
Ktt − 1
2
T(0)
)
= 3NH(Krr −Ktt) + 2φ′Ktt . (3.7)
In order to make contact with known physics we must rewrite these equations in terms of standard
physical quantities such as energy density and pressure. Our basic assumption is that standard FLRW
cosmology should be recovered from (3.6) and (3.7) in the case where the dilaton is constant, φ′ = φ′′ = 0,
and the H-flux vanishes, h = 0. One might also be tempted to set T(0) = 0, however this cannot in general
be the case, as seen, for example, from the first equation of (3.6): instead we find T(0) = Kµµ in this limit.
Thus we should find a definition of energy density and pressure in terms of Kµν and T(0). It turns out that
the appropriate definitions are given by
ρ :=
(
−Ktt + 1
2
T(0)
)
e−2φ , p :=
(
Krr − 1
2
T(0)
)
e−2φ . (3.8)
As we will see shortly, this definition reduces (3.6) to the standard Friedmann equations in the limit of
constant dilaton and vanishing H-flux. It is further justified from writing the Hamiltonian of (2.6) in a cos-
mological background, from which one can easily see that the corresponding energy density should be given
by the above formula. Note that the e−2φ factors arise as a direct consequence of the same overall factor
appearing in the O(D,D)-invariant matter action (2.6). As shown below, it is through this identification
that the SUGRA cosmological equations can also be recovered.
Using (3.8) and rearranging (3.6), we obtain our primary result.
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The O(D,D)-complete Friedmann Equations (OFEs) are
8piG
3
ρe2φ +
h2
12a6
= H2 − 2
(
φ′
N
)
H +
2
3
(
φ′
N
)2
+
k
a2
, (3.9)
4piG
3
(ρ+ 3p)e2φ +
h2
6a6
= −H2 − H
′
N
+
(
φ′
N
)
H − 2
3
(
φ′
N
)2
+
1
N
(
φ′
N
)′
, (3.10)
8piG
3
(
ρe2φ − 1
2
T(0)
)
= −H2 − H
′
N
+
2
3N
(
φ′
N
)′
, (3.11)
which imply the conservation equation,
ρ′ + 3NH(ρ+ p) + φ′T(0)e−2φ = 0 . (3.12)
Specifically when h = k = 0, the cosmological ansatz and the OFEs are preserved under the entire spatial
T-duality, given in Table 1 below.
Before N a H φ ρ p T(0) Ktt Krr
After N a−1 −H φ− 3 ln a a6ρ −a6 (p+ T(0)e−2φ) T(0) Ktt −Krr
Table 1: Cosmological T-duality transformations (h = k = 0).
From (3.9) we may solve for the time derivative of the dilaton,
2φ′
N
= 3H ±
√
3H2 + 16piGρe2φ − 6k
a2
+
h2
2a6
. (3.13)
Substituting this into either (3.10) or (3.11), up to the conservation relation (3.12), we obtain an expression
for the time evolution of H ,
H ′
N
= 8piG
(
pe2φ +
1
2
T(0)
)
− 2k
a2
+
h2
2a6
±H
√
3H2 + 16piGρe2φ − 6k
a2
+
h2
2a6
. (3.14)
In fact, the OFEs, (3.9), (3.10), and (3.11), are equivalent to (3.12), (3.13), and (3.14).
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It also is worthwhile to rearrange (3.9) and (3.10) to obtain
4piGpe2φ +
h2
8a6
= −3
2
H2 +
H ′
N
+ 2
(
φ′
N
)
H −
(
φ′
N
)2
+
1
N
(
φ′
N
)′
− k
2a2
, (3.15)
4piG(ρ+ p)e2φ +
h2
4a6
= −H
′
N
−
(
φ′
N
)
H +
1
N
(
φ′
N
)′
+
k
a2
. (3.16)
Then all the terms appearing on the left-hand sides of (3.9), (3.10), (3.11), (3.15), and (3.16) correspond
precisely to the quantities appearing in various energy conditions, as will be discussed further in section 3.2.
We also emphasize that this set of equations differs from the conventional SUGRA cosmological equations
crucially because the matter sector couples minimally to the dilaton as well as the string-frame metric, which
is again a consequence of extending the O(D,D) symmetry of the DFT gravitational sector to the matter
sector.
It is known that the SUGRA limit for which the dilaton is stabilized (in the absence of spatial curvature
and with trivial B-field) recovers a radiation-dominated universe, with a linear barotropic equation of state
given by w = 1/3 in D = 4 [31]. In the present case, for vanishing H-flux and constant dilaton, for which
we choose φ = 0 without loss of generality, the OFEs reduce to
H2 =
8piG
3
ρ− k
a2
,
a¨
a
= −4piG
3
(ρ+ 3p) , (3.17)
T(0) = ρ− 3p ,
where we have chosen cosmic gauge (N = 1), with the dot ‘˙’ denoting differentiation with respect to
cosmic time. The first two equations are the standard Friedmann equations for generic matter content, while
the final equation fixes T(0) in terms of density and pressure. Therefore, the low-energy DFT limit with a
stabilized dilaton is consistent with introducing any type of matter, as opposed to only radiation. This is
surprising and hints towards the fact that the current framework might be the natural extension of GR to
higher energies.
Looking to the last equation above, it is also clear that in the limit of vanishing T(0) one recovers standard
SUGRA cosmology, for which the equation of state corresponds to radiation if the dilaton is stabilized. With
that in mind, we may define the ratios:
w :=
p
ρ
; λ :=
T(0)e
−2φ
ρ
. (3.18)
9
In general these are not necessarily constant, but may be time-dependent functions. However, in the case
where they are constant,4 w is the conventional parameter corresponding to the effective pressure of the
generalized fluid, while the new parameter, λ, measures the density rate at which the matter is coupled
to the dilaton in comparison to the coupling with the metric. Since the dilaton is now also part of the
gravity sector, naturally one can understand dilaton-induced interactions as an additional component of the
gravitational interactions of matter. It is only in the limit of vanishing λ that we recover standard SUGRA
in our equations above. We can also see that this limit is obtained not only when the matter decouples from
the dilaton, but also when the energy density is much larger than T(0), or when the dilaton field becomes
very large (provided ρ does not simultaneously decrease too rapidly). Note that for a general barotropic
fluid, the quantity λ should be provided a priori, so one can think of it as providing a generalized equation
of state, in conjunction with w. Thus a perfect fluid with a linear equation of state in an O(D,D)-covariant
cosmological background would be characterized by two parameters, w and λ. We will discuss this further
and present some examples in section 4.
The appearance of T(0) is the main feature that distinguishes the OFEs from the standard SUGRA cos-
mological backgrounds studied in the literature (see [1] for a review). Thus in the next subsection we
summarize how the stringy energy-momentum tensor, in particular T(0), is evaluated for different types of
matter content. Note that in all cases where the dilaton is minimally coupled (i.e. via the DFT volume
element) to a dilaton-independent spacetime Lagrangian Lmatter, we find T(0) = −2L matter. Hence in such
cases, vanishing T(0) simply corresponds to the Lagrangian vanishing on-shell.
3.1 Examples of stringy energy-momentum tensors in cosmology
In [21] many different examples of matter content were considered, with the stringy energy-momentum
tensor components Kµν and T(0) computed for each. Here we collect and summarize these results, and
comment on their respective cosmological implications.
• Cosmological constant: The DFT cosmological constant simply couples minimally to the DFT vol-
ume element, which crucially includes the dilaton [62]. Varying such a term in the action gives a
non-vanishing contribution only for T(0), such that Kµν = 0 and T(0) = 14piGΛDFT.
• Scalar field: The canonical Lagrangian for a scalar field Φ in DFT also couples minimally to the
dilaton, and further couples linearly to the (inverse) string-frame metric, giving Kµν = ∂µΦ∂νΦ and
4This generalizes a linear barotropic equation of state, with ρ/p = 1/w and T(0)e−2φ/p = λ/w.
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T(0) = −2LΦ. In particular, we will see later in (4.46) that this implies λ = −2w. The presence
of non-zero T(0) in the OFEs should have intriguing consequences for the general dynamics of a
scalar field in cosmological O(D,D)-symmetric backgrounds. In particular, inflationary models in
the context of supergravity should be revisited in future work.
• Fermionic fields: The fermionic Lagrangian is proportional to its equation of motion, thus minimal
dilaton coupling implies that T(0) vanishes on-shell. Furthermore, it turns out that in this case we may
change variables to a spinor density whose Lagrangian decouples completely from the dilaton, giving
T(0) = 0 even off-shell. However, in general Kµν = − 12√2(ψ¯γµ5νψ −5νψ¯γµψ) is asymmetric.
• Gauge fields: (Heterotic) Yang–Mills fields also couple minimally to the dilaton in DFT [14, 15, 66–
68] and consequently have a non-zero dilaton charge, given by T(0) = −2LYM [21], similarly to
the scalar case. This implies that whenever the dilaton is dynamical, the fine structure constant may
vary, leading to significant observational constraints [69, 70]. We leave a detailed analysis of these
constraints to future work, and for now content ourselves to look for solutions where the dilaton is
either constant or slowly varying at late times.
• Ramond–Ramond sector: With an O(D,D)-symmetric unifying formulation [17], T(0) = 0 [21].
• Point Particle sources: It has been shown that T(0) vanishes for this case. The point particle follows
the geodesics defined with respect to not the Einstein-frame metric but the string-frame metric [3].
• String sources: To zeroth order in α′, strings do not couple to the dilaton, so their T(0) also vanishes.
However, this should change when we include α′ corrections [71, 72].
In particular, in order to study the effects of non-trivial T(0), we will derive cosmological solutions for
the cosmological constant, study the scalar case thoroughly, and consider a generalized perfect fluid. The
gauge fields alone shall be considered in future works.
3.2 Energy conditions
In section 4.3 of [21], various energy conditions were considered in the context of static, spherically symmet-
ric solutions in Stringy Gravity, which are conjectured to constrain which solutions are allowed physically.
Here we discuss how they are expressed and extended in homogeneous and isotropic backgrounds.
11
• The strong energy condition (SEC) is defined such that it includes magnetic H-flux as well as matter
contributions. On cosmological backgrounds it reduces to the usual strong energy condition in GR
plus a flux term,
ρ+ 3p+
h2e−2φ
8piGa6
= (1 + 3w)ρ+
h2e−2φ
8piGa6
≥ 0 , ρ+ p+ h
2e−2φ
16piGa6
= (1 +w)ρ+
h2e−2φ
16piGa6
≥ 0 .
(3.19)
Note that the flux contribution is always positive, so SEC violations in GR do not necessarily imply
violations here.
• The positive mass condition 5 depends in general on electricH-flux and the stringy energy-momentum
tensor component Ktt. Since electric H-flux is forbidden on cosmological backgrounds due to the
requirement of homogeneity, this constraint simply becomes
2ρ− T(0)e−2φ = (2− λ)ρ ≥ 0 . (3.20)
In [21] it was noted that local violations of this condition may give rise to a regime where gravity
becomes repulsive.6
• The weak energy condition (WEC) can be defined, in consistent analogy with GR, as
ρ+
h2e−2φ
32piGa6
≥ 0 , ρ+ p+ h
2e−2φ
16piGa6
= (1 + w)ρ+
h2e−2φ
16piGa6
> 0 . (3.21)
For the spherical solution considered in [21],7 this implies that the Noether charge associated with
time translation invariance should be non-negative.
• The pressure condition depends only on magnetic H-flux and the spatial components of the stringy
energy-momentum tensor. In a cosmological context it becomes
p+
h2e−2φ
32piGa6
≥ 0 . (3.22)
5In [21] this was labelled as the “weak energy condition”, in heuristic analogy with GR, since it similarly pertains to only the
tt-component, −Ktt. However, for consistency with our definitions (3.8), we hereby consider it as another independent condition.
Furthermore, the inequality ρ+ p+ h
2e−2φ
16piGa6
≥ 0 has been included in (3.19) and (3.21) (here a strict inequality) in order to be fully
consistent with the standard definitions of the energy conditions in GR. Genuine DFT justification remains to be found, but this is
beyond the scope of the present work.
6Technically this required a corresponding density condition, which was defined without the spatial integral present in the
positive mass condition. However on homogeneous backgrounds the integral simply yields a constant factor, so these two conditions
become identical.
7See (4.78) therein.
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Figure 1: Energy conditions and types of matter depicted in the (w, λ)-plane. The dotted line corresponds to
conventional ‘SUGRA’, in which the matter Lagrangian does not couple to the dilaton and hence T(0) = 0.
All energy conditions are respected in the white region. The strong energy condition (3.19) can in fact be
preserved for w < −1/3 in the presence of non-trivial H-flux. We emphasize that the region depicted
as violating the weak energy condition (3.21) is specifically restricted to the case of the power-law ansatz
discussed in section 4. The right-hand part of the strong (3.19) and weak energy conditions (3.21) is auto-
matically satisfied in the depicted region, for which w ≥ −1.
4 Solutions
Having obtained the generalization of the Friedmann equations in Stringy Gravity, we turn to the important
matter of finding solutions. We first give an exposition of the general framework, before investigating
examples of analytic solutions for various types of matter.
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4.1 Generalized perfect fluid
First of all, let us consider a “generalized perfect fluid” in which w and λ are constant, corresponding to a
linear equation of state. In cosmic gauge, the conservation equation (3.12) is
ρ˙+
[
3(1 + w)H + λφ˙
]
ρ = 0 . (4.1)
For constant w and λ, this can be integrated to give
ρ = ρ0a
−3(1+w)e−λφ , (4.2)
where, in keeping with usual conventions, we have defined a0 ≡ 1 and φ0 ≡ 0. Note that the terms in the
OFEs which depend on the spatial curvature k and magnetic H-flux h can be interpreted as a particular case
of (4.2): specifically, (w, λ)h = (1, 2) and (w, λ)k = (−1/3, 2). Therefore in this subsection we absorb
them into ρ and consider a single contribution to the energy density of the form (4.2), which is equivalent
to setting the parameters h = k = 0. We will reintroduce them in the following (sub)sections when we
examine specific solutions in detail.
It is instructive to consider a power law ansatz
a =
(
t
t0
)n
, eφ =
(
t
t0
)−s
, (4.3)
such that
H =
n
t
, φ˙ = −s
t
. (4.4)
Comparing this ansatz with the OFEs, we see that solutions with non-trivial ρ are possible only if
ρe2φ ∝ t−2 , (4.5)
implying the constraint
− 3n(1 + w)− s(2− λ) = −2 . (4.6)
The OFEs reduce to
2ρˆ0 = n
2 + 2ns+
2
3
s2 , (4.7)
(1 + 3w)ρˆ0 = −n2 + n− ns− 2
3
s2 + s , (4.8)
(2− λ)ρˆ0 = −n2 + n+ 2
3
s , (4.9)
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where we define a dimensionless quantity
ρˆ0 ≡ 4piG
3
ρ0t
2
0 . (4.10)
Note that (4.7)–(4.9) are valid for any ρˆ0, while (4.6) holds only for non-vanishing ρˆ0.
Solving for n and s with generic w and λ, we find
n =
2(2w + λ)
2 + 6w2 + 6wλ+ λ2
, s =
2(1− 3w − λ)
2 + 6w2 + 6wλ+ λ2
, (4.11)
and the (not necessarily non-vanishing) energy density is proportional to
ρˆ0 =
6(1− w)2 − 2(1− 3w − λ)2
3(2 + 6w2 + 6wλ+ λ2)2
. (4.12)
To obtain these we have made use of the fact that, from rearranging (4.7)–(4.9),
3(1− 3w − λ)ρˆ0 = s(3n+ 2s− 1) , 3(2w + λ)ρˆ0 = n(3n+ 2s− 1) . (4.13)
In order to make contact with conventional cosmology, we would like to understand the circumstances
in which the dilaton φ may become constant, i.e. s = 0. From (4.11) we see that this is only possible on the
critical line,
λ = 1− 3w . (4.14)
This also holds true for more general types of matter, not just power-law solutions, as we have already seen
this result in the third equation of (3.17). Power-law solutions of this type exist for any w 6= −1, and
furthermore reproduce the standard behaviour seen in cosmology based on General Relativity: plugging
s = 0 into (4.6) and (4.12) gives
n =
2
3(1 + w)
, ρˆ0 =
2
9(1 + w)2
. (4.15)
This reinforces our earlier claim that DFT cosmology encompasses all types of matter with stabilized dilaton,
not just radiation as in supergravity, and thus may be the correct completion of GR. Similarly, static solutions
(n = 0) can only be obtained when
λ = −2w , (4.16)
which is also the case for more general solutions (not just perfect fluids), and which from (4.11) and (4.12)
corresponds to
s =
1
1 + w
, ρˆ0 =
1
3(1 + w)2
. (4.17)
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Both (4.14) and (4.16) are satisfied simultaneously when the lines intersect at (w, λ) = (1,−2). From
(4.13), we see that in addition to the trivial solution with n = s = 0, this special point admits a family of
solutions satisfying
3n+ 2s = 1 , ρˆ0 =
1
12
(1− 3n2) . (4.18)
We will see in the next subsection that this corresponds to massless scalar field solutions.
We observe from (4.4) and (4.11) that for the power-law ansatz (4.3), lying on the critical line8 (4.14) is
a necessary and sufficient condition for the dilaton to be constant. However, we emphasize that the sufficient
condition applies specifically to power-law behaviour, whereas more general solutions on the critical line
may have a non-trivial dilaton profile, as will be seen explicitly in some examples below.
As a final remark, note that (4.12) is smooth as ρˆ0 → 0: in this limit it coincides with the DFT vacuum
solution [73] (i.e. ρ = 0; see (4.34) and (4.35)) with h = k = 0. This is a power law with
n = ± 1√
3
, s =
1
2
(1∓
√
3) , (4.19)
corresponding to the boundaries of the gray regions in Figure 1, given by λ = 1±√3− (3±√3)w.
4.2 Analytic solutions
In order to investigate specific cases in detail, we introduce a useful gauge choice which we dub ‘Einstein-
conformal’ gauge, which is defined by the parametrization
N = a ≡ beφ . (4.20)
While the first equality fixes the time reparametrization symmetry, the second simply defines a new time-
dependent function b, which corresponds to the Einstein-frame scale factor. The OFEs are given in this
8This applies to solutions on the critical line (4.14), except at w = ±1 where the denominators of (4.11) and (4.12),
2 + 6w2 + 6wλ+ λ2 = 3(1− w)(1 + w) ,
vanish.
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gauge by
8piG
3
b2e4φρ =
(
b′
b
)2
− φ
′2
3
+ k − h
2
12b4
e−4φ , (4.21)
4piGb2e4φρ (1− w) = b
′′
b
+
(
b′
b
)2
+ 2k , (4.22)
4piGb2e4φρ (3w + λ− 1) = φ′′ + 2b
′φ′
b
− h
2
2b4
e−4φ , (4.23)
where w and λ were defined in (3.18), and we have taken suitable linear combinations of (3.9)–(3.11) for
later convenience. In addition, the conservation equation becomes
ρ′ + 3
(
b′
b
+ φ′
)
(ρ+ p) + φ′e−2φT(0) = 0 . (4.24)
For constant w and λ (i.e. a generalized perfect fluid), this can be integrated to yield (c.f. (4.2))
ρ = ρ0
e−[3(1+w)+λ]φ
b3(1+w)
= ρ0
e−λφ
a3(1+w)
. (4.25)
Various types of matter will in general occupy different positions on the (w, λ)-plane, see Figure 1. However,
note that in general w and λ need not be constant, for example if there are multiple competing contributions
to the total energy density.
One interesting scenario emerges on the critical line, 3w + λ = 1 (4.14). Here (4.23) can be integrated
to give
(b2φ′)2 +
h2
4
e−4φ =
h2o
4
, (4.26)
where ho is a real constant. Plugging this back into (4.21) yields
8piG
3
b6e4φρ =
(
bb′
)2
+ kb4 − h
2
o
12
. (4.27)
From (4.26) and (4.27), we see that h2o represents the total energy shared between the dilaton and H-flux,
which is conserved on the critical line. In the special case where ho = 0, the positive-definiteness of (4.26)
forces the H-flux and variation of the dilaton to vanish, and hence our framework recovers the standard
Friedmann equations in this limit. More generally, we can solve for φ by casting (4.26) in the form
dφ√
h2o − h2e−4φ
= ± dη
2b2(η)
. (4.28)
Here b2(η) is obtained explicitly as a function of conformal time η by solving (4.22), which is independent
of φ on the critical line (c.f. (4.25)). We now discuss some explicit examples.
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Pure DFT vacuum
In Stringy Gravity, the metric gµν is supplemented by the additional fields Bµν and φ. Therefore it is worth
considering purely stringy gravitational solutions, since these may be non-trivial due to possible interactions
within the extended gravitational sector. This simple scenario, which corresponds to ρ = p = T(0) = 0, can
thus yield some initial insight into the nature of cosmological evolution in Stringy Gravity, and provide a
foundation for more general solutions featuring additional matter.
In this scenario, equation (4.22) can be recast as
(b2)′′ + 4kb2 = 0 , (4.29)
which has a general solution given by
b2 =
C1τ
1 + kτ2
=

C1
2 sin(2(η − η0)) for k = 1 ,
C1(η − η0) for k = 0 ,
C1
2 sinh(2(η − η0)) for k = −1 ,
(4.30)
where C1 and η0 are integration constants, and we have defined
τ =

tan(η − η0) for k = 1 ,
η − η0 for k = 0 ,
tanh(η − η0) for k = −1 .
(4.31)
Consistency with (4.21) requires that the integration constants are related by
3C21 = h
2
o . (4.32)
Using the fact that
dτ
dη
= 1 + kτ2 , (4.33)
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and using (4.32), the general solution for the dilaton can be expressed as [73]
e2φ =
(
τ
τ∗
)±√3
+
h2
12C21
(
τ
τ∗
)∓√3
, (4.34)
where τ∗ is an integration constant. Note that this has a minimum at e2φ
∣∣
min
= |h/(√3C1)|. The scale
factor of the original string-frame metric is thus given by [73]
a2 = b2e2φ =
C1τ
1 + kτ2
[(
τ
τ∗
)±√3
+
h2
12C21
(
τ
τ∗
)∓√3]
. (4.35)
O(D,D)-symmetric DFT cosmological constant
The action for a DFT cosmological constant in a Riemannian background is simply given by [62]
SΛ = − 1
8piG
∫
d4x
√−ge−2φΛ , (4.36)
which implies
ρΛe
2φ =
Λ
8piG
, wΛ = −1 , λΛ = 2 . (4.37)
Note that this corresponds to a scalar field (discussed below) in the limit Φ′ = 0 and V = V0 ≡ Λ/8piG.
Choosing cosmic gauge (N = 1), there is a solution for a static universe (H = 0) with the dilaton
evolving as
φ(t) = ±
√(
Λ
2
− k
a2
)
t+ φ0 , k =
h2
4a4
. (4.38)
In this case, non-trivial H-flux implies positive spatial curvature, and physical solutions require Λa2 ≥ 2k
(note that amust be constant). For h = k = 0 and Λ > 0 this recovers the static solution in flat Minkowskian
spacetime with a linear dilaton, initially derived in [74]:
φ(t) = ±m(t− t0) + φ0 , ds2 = −dt2 + dx2 + dy2 + dz2 , (4.39)
where m ≡√Λ/2 > 0.
More generally, there are expanding solutions for h = k = 0 and Λ > 0 with positive m =
√
Λ/2 [75]
given by
e2φ(t) = Cφ
tanh
√
3
(
m(t− t0)
)
sinh
(
2m(t− t0)
) , a2(t) = a20 tanh√ 43 (m(t− t0)) , (4.40)
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which is real and positive for t > t0, and
e2φ(t) = Cφ
coth
√
3
(
m(t0 − t)
)
sinh
(
2m(t0 − t)
) , a2(t) = a20 coth√ 43 (m(t0 − t)) , (4.41)
which is similarly defined for t < t0 and can be obtained from (4.40) by a combined spatial T-duality
(Table 1) and time-reversal transformation. On the other hand, acting with T-duality or time reversal alone
produces collapsing solutions. The static solution (4.39) may be derived by taking large-t limits of (4.40)
and (4.41): specifically, (4.40) converges to the negative-sign case of (4.39) as t→∞, while (4.41) similarly
converges to the positive-sign case as t → −∞, with Cφ = 12e2φ0 . For further discussion of linear dilaton
solutions, see [74].
Scalar field, e.g. massless limit
The action for a spatially homogeneous, canonical scalar field in a Riemannian DFT background is
SΦ =
∫
d4x
√−ge−2φ
(
− 1
2
gµν∇µΦ∇νΦ− V (Φ)
)
. (4.42)
In Einstein-conformal gauge, this yields the equation of motion
Φ′′ +
2b′Φ′
b
+ b2e2φ
dV
dΦ
= 0 . (4.43)
For the energy-momentum tensor components, we have
Ktt = − Φ
′2
b2e2φ
, Krr = 0 , T(0) = − Φ
′2
b2e2φ
+ 2V (Φ) , (4.44)
and thus the density and pressure of Φ are given by
ρe2φ =
Φ′2
2b2e2φ
+ V (Φ) , pe2φ =
Φ′2
2b2e2φ
− V (Φ) = −T(0)
2
. (4.45)
We see that the equation of state is confined to the range −1 ≤ w ≤ 1 along the line
λ = −2w . (4.46)
In the limit of vanishing potential, V (Φ) = 0, from (4.45) we find that ρ = p and thus w = 1. In such
cases (4.22) once again reduces to
(b2)′′ + 4kb2 = 0 , (4.47)
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yielding again the solution (4.30). Furthermore, from (4.46) we have λ = −2, which lies on the critical line;
see Figure 1. Hence we can solve for the dilaton by integrating (4.28), giving
e2φ =
(
τ
τ∗
)± ho
C1
+
1
4
h2
h2o
(
τ
τ∗
)∓ ho
C1
. (4.48)
This has a minimum at e2φ
∣∣
min
= |h/ho|. Combining this with (4.30), the scale factor associated with the
string-frame metric is given by
a2 = b2e2φ =
C1τ
1 + kτ2
[(
τ
τ∗
)± ho
C1
+
1
4
h2
h2o
(
τ
τ∗
)∓ ho
C1
]
. (4.49)
Note that for consistency with (4.21) we now require
4piGb4Φ′2 =
3C21 − h2o
4
. (4.50)
For real solutions, this constrains |ho/C1| ≤
√
3. The equation of motion (4.43) gives simply (b2Φ′)′ = 0,
consistent with (4.50). Thus the scalar field evolution is determined by the conformal Einstein scale factor
b, with the explicit solution
Φ = Φ0 ±
√
1
16piG
(
3− h
2
o
C21
)
ln τ , (4.51)
where we have used (4.30) and (4.33).
Finally, note that for h = k = 0 we have a power-law solution. This corresponds to the family of
solutions satisfying (4.18), with
n =
C1 ± ho
3C1 ± ho , s =
∓ho
3C1 ± ho , (4.52)
as can be verified explicitly by converting to cosmic time.
Radiation solution: with H-flux and dynamically frozen dilaton
For w = 1/3, λ = 0, we can construct a generalization of the known radiation solution in SUGRA. In such
a case the energy density evolves as ρ = ρ0b−4e−4φ = ρ0a−4, as expected for radiation. From this we can
write (4.22) as (
b2
)′′
+ 4kb2 =
16piGρ0
3
, (4.53)
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which can be solved to give
b2(η) =
τ(C1 + E0τ)
1 + kτ2
=

C1
2 sin (2(η − η0)) + E0 sin2 (η − η0) for k = 1 ,
C1(η − η0) + E0(η − η0)2 for k = 0 ,
C1
2 sinh (2(η − η0)) + E0 sinh2 (η − η0) for k = −1 ,
(4.54)
where C1 is an integration constant, E0 ≡ 8piGρ0/3, and τ is as defined in (4.31).
Since we are on the critical line we can integrate (4.23), giving (4.26). Applying this to (4.21) and using
the solution (4.54) for the conformal scale factor, one can verify explicitly that
h2o = 3C
2
1 , (4.55)
as in the vacuum solution. Integrating (4.26) using the new scale factor (4.54) yields
e2φ = Cr
(
τ
C1 + E0τ
)±√3
+
1
12
h2
C21Cr
(
τ
C1 + E0τ
)∓√3
, (4.56)
where Cr is another integration constant. Note that for E0 = 0 we should recover the vacuum solution,
which implies that τ∗ = C1C
∓1/√3
r . Thus we can express the resulting scale factor as
a2 = b2e2φ =
τ(C1 + E0τ)
1 + kτ2

 τ
τ∗
(
1 + E0C1 τ
)
±
√
3
+
1
12
h2
C21
 τ
τ∗
(
1 + E0C1 τ
)
∓
√
3
 . (4.57)
As a bonus, we can generalize this solution to the case of radiation plus a scalar with vanishing potential
(ignoring interactions). The inhomogeneous piece of equation (4.22) depends only on the energy density in
radiation, since the equivalent contribution from the scalar field vanishes, as wΦ = 1. Therefore b2 must
take the form (4.54). Furthermore, being on the critical line, both solutions satisfy (4.26) such that the OFE
(4.21) will split into a linear sum of terms for the massless scalar and radiation, respectively. Similarly, in
the non-interacting limit, the scalar field and radiation must independently satisfy the conservation equation
(4.24) (which is guaranteed by their respective equations of motion). In all, the combined exact solution
amounts to a relaxation of (4.55), giving
e2φ =
 τ
τ∗
(
1 + E0C1 τ
)
±
ho
C1
+
1
4
h2
h2o
 τ
τ∗
(
1 + E0C1 τ
)
∓
ho
C1
, (4.58)
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where τ is again defined by (4.31), and
a2 = b2e2φ =
τ(C1 + E0τ)
1 + kτ2

 τ
τ∗
(
1 + E0C1 τ
)
±
ho
C1
+
1
4
h2
h2o
 τ
τ∗
(
1 + E0C1 τ
)
∓
ho
C1
 . (4.59)
Here we observe that setting E0 = 0 recovers the solution for a scalar field given in (4.48) and (4.49), while
setting h2o = 3C
2
1 gives the radiation solution of (4.56) and (4.57). Taking both conditions simultaneously,
we recover (4.34) and (4.35), the pure vacuum solution. The scalar field evolution is again determined by
(4.50), however the solution to this equation now takes the form
Φ = ±
√
1
16piG
(
3− h
2
o
C21
)
ln
(
τ
C1 + E0τ
)
+ Φ˜0 . (4.60)
Note that in the absence of radiation, E0 = 0, this reduces to (4.51) as expected.
Consider a flat or hyperbolic universe, k ∈ {0,−1}, in which we may study the asymptotic behaviour at
large η. In the presence of radiation, we can see from both (4.56) and (4.58) that the dilaton tends towards
a constant value and is thus dynamically frozen. Hence at late times this scenario recovers the standard
Friedmann equations with a radiation equation of state. Similarly, the scalar field (4.60) also becomes
frozen at late times.
5 de Sitter solutions?
In the absence of external guidance, there lies an inevitable ambiguity in how the string dilaton, φ, and
the B-field should couple to matter — point particles, Maxwell fields, spinor fields, any scalar fields, etc.
— in the conventional Riemannian framework. For example, from the stringent experimental constraints
supporting the Equivalence Principle and against any “fifth force”, it is required that a particle (or a planet)
should follow a pure geodesic,
e ddτ
(
e−1x˙λ
)
+ γλµν x˙
µx˙ν = 0 . (5.1)
However, in the conventional Riemannian or GR framework, it is unclear which metric, string-frame or
Einstein-frame, should constitute the Christoffel connection, γλµν . With non-trivial string dilaton, the dif-
ferent choices are physically inequivalent: although one may freely perform a field redefinition to switch
between frames, this will generically introduce a non-trivial fifth force.
The O(D,D) symmetry principle fixes all the couplings of the closed-string massless sector to any
matter. In particular, the O(D,D)-symmetric doubled formulation of a point particle action dictates that
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the particle follows a geodesic with respect to the string-frame metric [3]. On the other hand, the O(D,D)-
symmetric action of a canonical scalar field χ reads, with the string-frame metric,
Iχ =
∫
d4x
√−ge−2φ
[
−1
2
gµν∂µχ∂νχ− V (χ)
]
, (5.2)
which can be rewritten in terms of the Einstein-frame metric, gEµν = gµν exp (−2φ), as
Iχ =
∫
d4x
√−gE
[
−1
2
gµνE ∂µχ∂νχ− e2φV (χ)
]
. (5.3)
Thus, in particular for a massless field, V (χ) = 0, the dilaton completely drops out of the massless scalar ac-
tion in the Einstein frame. In accordance with [76], in order to generate almost scale-invariant cosmological
perturbations of χ, it might be necessary for the Einstein-frame metric gEµν to follow either an inflationary
or bouncing-type evolution. However, this is somewhat in contrast to the case of Maxwell fields,
IMaxwell =
∫
d4x
√−ge−2φ
[
−1
4
gµνgρσFµρFνσ
]
=
∫
d4x
√−gEe−2φ
[
−1
4
gµνE g
ρσ
E FµρFνσ
]
, (5.4)
where, due to the presence of a (classical) Weyl symmetry, the change of frames does not remove the dilaton.
Within conventional Riemannian cosmology where the dilaton is neglected, there is strong evidence
(and arguments) that the expansion of our universe is currently accelerating. However, the above analyses
show subtleties regarding the dilaton and may implore us to revisit the “evidence”: it implies that, pro-
vided the O(D,D) principle holds, motions of stars or galaxies should be studied in string frame, whereas
scale-invariant cosmological perturbations should be analysed in Einstein frame. Furthermore, note that all
observations except the recent gravitational wave detections are based on ordinary electromagnetic radiation
and hence would be subject to the Maxwell theory of the form (5.4).
In this section, rather than attempting to resolve the subtle issue of frame dependence, we simply test
whether the de Sitter solution is natural in O(D,D)-symmetric cosmology, both in string and Einstein
frames separately. In order to make contact with concrete examples, here we will focus in particular on DFT
coupled to a (spatially homogeneous) scalar field with arbitrary potential, which also includes the limiting
case of a DFT cosmological constant. From (4.44), these solutions satisfy
Kr
r = pe2φ +
1
2
T(0) ≡ 0 =⇒ λ ≡ −2w . (5.5)
We will show that de Sitter solutions for such models would require exotic matter with negative energy
density, violating the weak energy condition (3.21).
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5.1 String frame
First of all we wish to investigate whether de Sitter solutions are allowed for the string-frame metric. To this
end, we set k = 0 and consider the ansatz
a(t) = eHt . (5.6)
Here t is cosmic time in string frame, which is defined by settingN = 1. Imposing (5.5) and applying (5.6),
solving the OFEs (3.9)–(3.11) for φ˙ gives
φ˙
H
=
3
2
− h
2
4H2
e−6Ht . (5.7)
Inserting this into (3.9) yields a general expression for the energy density,
8piG
H2
ρe2φ = −3
2
− h
2
4H2
e−6Ht +
h4
8H4
e−12Ht . (5.8)
Further, plugging (5.7) and (5.8) into either (3.10) or (3.11) gives a similar expression for the pressure,
8piG
H2
pe2φ = −3
2
+
13h2
4H2
e−6Ht − h
4
8H4
e−12Ht . (5.9)
From these we can see that as t→∞ the energy density and pressure become negative, and hence the weak
energy condition (3.21) and the pressure condition (3.22) are both violated.
Moreover, neither a DFT cosmological constant nor a scalar field is compatible with the full behaviour
of (5.8) and (5.9). For a non-trivial DFT cosmological constant, w = −1 (4.37) at all times, whereas here
w is varying and converges to +1 as t → ∞. If on the other hand we consider a more general (canonical)
scalar field, we know from (4.45) that when w → 1 the scalar-field kinetic energy dominates. However the
energy density being negative implies that this scalar should have a wrong-sign kinetic term.
Alternatively, one might relax (5.5) and simply consider the special point (w, λ) = (−1, 4) on the
critical line. This indeed admits a de Sitter solution with constant dilaton, which corresponds to the cosmo-
logical constant solution in GR. However, note that the O(D,D)-symmetric DFT cosmological constant
does not correspond to λ = 4, and such a requirement does not correspond to any known O(D,D)-
covariant Lagrangian. In fact, in terms of the stringy energy-momentum tensor, such a solution would
have Ktt = Krr = 4T(0), and thus in particular,
ρ = Kt
te−2φ . (5.10)
Since Ktt corresponds to minus the kinetic energy for any known type of matter, positive kinetic energy
implies ρ < 0, so here also we expect the WEC to be violated.
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5.2 Einstein frame
To construct the Einstein frame metric, gEµν = gµν exp(−2φ), it is sufficient to consider the general ansatz
(3.2) in the gauge
N = eφ , a = eφb . (5.11)
We also define the energy density and pressure in Einstein frame as
ρE = e
4φρ , pE = e
4φp , (5.12)
such that the Hamiltonian density is frame-independent:
√−gρ = √−gEρE. The O(D,D) Friedmann
equations then take the form
8piGρE = 3H
2
E − φ˙2 −
h2
4b6
e−4φ , (5.13)
4piG (ρE − pE) = H˙E + 3H2E , (5.14)
4piG
(
3pE − ρE + T(0)e2φ
)
= φ¨+ 3φ˙HE − h
2
2b6
e−4φ , (5.15)
where we have set k = 0 and defined the Hubble parameter in Einstein frame,
HE ≡ b˙
b
= eφH − φ˙ . (5.16)
Note that we have here expressed the OFEs in terms of cosmic time, t, in Einstein frame (5.11): if we
change to conformal time, dt = bdη, we simply recover Einstein-conformal gauge, (4.21)–(4.23). The
energy density and pressure in Einstein frame satisfy the conservation equation
ρ˙E + 3
b˙
b
(ρE + pE) + φ˙
(
3pE − ρE + T(0)e2φ
)
= 0 . (5.17)
We now impose the de Sitter ansatz in Einstein frame,
b = eHEt . (5.18)
Taking the difference of (5.13) and (5.14) yields
− 4piG (ρE + pE) = φ˙2 + h
2
4
e−6HEt−4φ , (5.19)
for which the right-hand side is positive-definite, implying that ρE + pE = ρE(1 + w) ≤ 0, violating the
strong and weak energy conditions, (3.19) and (3.21), respectively. This is the case either for ρE < 0 and
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w ≥ −1, suggesting negative-energy-density solutions as before, or ρE ≥ 0 and w ≤ −1. Here w = −1 is
obtained only for φ˙ = h = 0, which in turn implies, from (5.13) and (5.15), that
ρE =
3H2E
8piG
, λ =
T(0)e
2φ
ρE
= 4 . (5.20)
This is again the GR cosmological-constant-like solution at (w, λ) = (−1, 4), for which the energy den-
sity is constant and dilaton-independent in Einstein frame. However, we reiterate that there is no known
O(D,D)-invariant Lagrangian corresponding to this solution, c.f. (5.10).
6 Summary and discussion
If string theory is the correct underlying description of the universe, its symmetries should constrain the types
of interactions which are possible in nature. Imposing the stringy symmetry of O(D,D) T-duality in D
spacetime dimensions, the interactions between stringy gravitons (massless NS-NS sector) and matter obey
the Einstein Double Field Equations [21]. In this paper we studied these equations in a cosmological setting:
choosing a homogeneous and isotropic ansatz for the stringy gravitons and stringy energy-momentum tensor,
we obtained the O(D,D)-completion of the Friedmann equations (3.9)–(3.11) in the case of D = 4.
The O(D,D) symmetry principle generates a non-minimal coupling between matter and the dilaton,
encoded in an additional scalar component T(0) in the stringy energy-momentum tensor. In the perfect-
fluid description, this leads to an equation of state determined by an extra parameter λ, in addition to the
usual parameter w denoting the ratio of pressure to energy density in a linear barotropic fluid. The result-
ing two-dimensional parameter space (Figure 1) contains a critical line on which GR-like solutions with
constant dilaton are admitted, which coincides with conventional SUGRA (i.e. λ = 0) only at w = 1/3,
corresponding to radiation. This suggests that O(D,D) cosmology may be the correct completion of both
GR and SUGRA. We also identified various solutions beyond the power-law limit, including a radiation
solution with non-trivial H-flux and a dynamically evolving dilaton that tends towards a constant at late
times. Finally, we considered various energy conditions and found that, whether defined with respect to a
string-frame or Einstein-frame metric, de Sitter solutions require negative energy density and thus violate
the weak energy condition.
O(D,D) cosmology provides a new and rich framework for studying the early universe. In this work
we have only begun to scratch the surface, with many important issues remaining to be addressed. First of
all, in order to make contact with observations, it is crucial to establish how astrophysical and cosmological
data should be interpreted in theO(D,D) framework. Point particles coupled to stringy gravity travel along
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geodesics defined with respect to a string-frame metric, however the subtle issue of whether string-frame
or Einstein-frame descriptions are appropriate for observations remains to be resolved. Furthermore, since
most data in astrophysics and cosmology are obtained from electromagnetic signals, andO(D,D) Maxwell
fields couple non-minimally to the dilaton (c.f. (5.4)), the propagation of photons on non-trivial dilaton
backgrounds should be studied carefully.
In order to match observations of the Cosmic Microwave Background, the spectrum of curvature per-
turbations should be almost scale-invariant. It would be interesting to investigate how this may be obtained
from models of the early universe based on O(D,D) cosmology. Moreover, since the variation of the fine
structure constant is strongly constrained by observations, models of the early universe in which the dilaton
is dynamical should nevertheless yield a stabilized dilaton at late times. Solutions such as (4.57) may be
useful in realizing a dynamical mechanism of dilaton stabilization, say, in the context of flux compactifica-
tion. To this end, it may be interesting to investigate, for example, whether or not the critical line of GR-like
solutions can behave as an attractor at late times.
Finally, it is crucial to investigate whether O(D,D) is truly a symmetry of our universe at early times,
and whether or not it is broken at late times. Only further exploration will reveal the answer.
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APPENDIX
A Cosmological principle and stringy energy-momentum tensor in DFT
In this Appendix we apply the cosmological principle within theD = 4 Double Field Theory framework and
derive the most general form of the stringy energy-momentum tensor which is homogeneous and isotropic.
In Double Field Theory as Stringy Gravity, we describe D-dimensional physics using (D + D) coor-
dinates which are gauged under an O(D,D) symmetry (corresponding to T-duality). Ordinary undoubled
physics is recovered upon taking a D-dimensional section of this total space. Up to O(D,D) rotations we
are free to write the DFT coordinates as xA = (x˜ν , xµ), where A,B, . . . = 1, . . . , D + D are O(D,D)
indices which are raised and lowered by the O(D,D)-invariant metric
JAB =

0 1
1 0
 . (A.1)
In this parametrization, the section condition can be expressed simply as ∂˜ν ≡ 0, where the partial derivative
is understood to act on or contract with all DFT fields.9
The gravitational sector consists of a DFT dilaton, d, and a dynamical DFT metric, HAB , which can be
decomposed into a pair of projectors, PAB = 12(J+H)AB and P¯AB = 12(J−H)AB . Furthermore the corre-
sponding local frame has symmetry group Spin(1, D−1)×Spin(D−1, 1), under which the projectors can
be decomposed into vielbeins {VAp, V¯Ap¯} as PAB = VApVBp and P¯AB = V¯ApV¯Bp, where the local Lorentz
indices are raised and lowered using the metrics ηpq = diag(− + + · · ·+) and η¯p¯q¯ = diag(+−− · · ·−),
respectively.
Isometries in DFT are best studied using a further-generalized Lie derivative L˜, which acts on O(D,D)
vector indices as well as local Spin(1, D− 1)×Spin(D− 1, 1) indices, as defined in [21]. For isometries
parametrized by some set of N DFT vectors, {ζa}, a = 1, . . . , N , the further-generalized Lie derivatives of
9Note that for Yang–Mills fields we must generalize this to a covariant derivative, (∂A − iAA), such that when we write
AA = (A˜ν ,Aµ), the section condition also implies A˜ν = 0.
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each gravitational field with respect to these DFT-Killing vectors should vanish,
L˜ζaVAp = 0 , L˜ζa V¯Ap¯ = 0 , L˜ζaPAB = 0 , L˜ζaP¯AB = 0 , L˜ζad = 0 . (A.2)
This in turn implies that the DFT-Killing equations, which read
PA
C P¯B
D(∇CζaD −∇DζaC) = 0 , ∇AζAa = 0 , (A.3)
should be satisfied.
In the case of spatial homogeneity and isotropy in D = 4, we identify six ‘doubled’ Killing vectors, ξMa
(rotational, a = 1, 2, 3) and χNa (translational, a = 1, 2, 3), which form an algebra through the C-bracket,
[ξa, ξb]C =
∑
c abcξc , [χa, χb]C '
∑
c k abcξc , [ξa, χb]C '
∑
c abcχc ,
(A.4)
where, for the latter two, ' means equal up to an exact term which is a kernel of the generalized Lie deriva-
tive. With the choice of section ∂˜µ ≡ 0, the doubled Killing vectors, ξMa = (ξ˜aµ, ξνa), χNa = (χ˜aµ, χνa), are
given, with the notation ξ˜a = ξ˜aµdxµ, ξa = ξνa∂ν , χ˜a = χ˜aµdx
µ, χa = χνa∂ν , by [3]
ξ˜1 =
cosϕ
sinϑ
[
hr2√
1− kr2 dr
]
, ξ1 = sinϕ∂ϑ + cotϑ cosϕ∂ϕ ,
ξ˜2 =
sinϕ
sinϑ
[
hr2√
1− kr2 dr
]
, ξ2 = − cosϕ∂ϑ + cotϑ sinϕ∂ϕ , (A.5)
ξ˜3 = 0 , ξ3 = −∂ϕ
for rotations, where h is constant, and
χ˜1 =
hr2
2
[
−cos
2 ϑ
sin2 ϑ
sinϕdϑ+
cos3 ϑ
sinϑ
cosϕdϕ
]
, χ1 =
√
1− kr2
[
sinϑ cosϕ∂r +
cosϑ cosϕ
r
∂ϑ − sinϕ
r sinϑ
∂ϕ
]
,
χ˜2 =
hr2
2
[
cos2 ϑ
sin2 ϑ
cosϕdϑ+
cos3 ϑ
sinϑ
sinϕdϕ
]
, χ2 =
√
1− kr2
[
sinϑ sinϕ∂r +
cosϑ sinϕ
r
∂ϑ +
cosϕ
r sinϑ
∂ϕ
]
,
χ˜3 = −hr
2
2
[
1 + cos2 ϑ
]
dϕ , χ3 =
√
1− kr2
[
cosϑ∂r − sinϑ
r
∂ϑ
]
(A.6)
for translations.10
10Note that in terms of “Cartesian” coordinates, (x1, x2, x3) = (r sinϑ cosϕ, r sinϑ sinϕ, cosϑ), we have simply
χi =
√
1− kxjxj∂i.
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On Riemannian backgrounds, the DFT-gravitational fields reduce to the closed-string (NS-NS) massless
sector, {gµν , Bµν , φ}. Explicitly, the DFT-vielbeins separate into components as
VMp =
1√
2

ep
µ
eν
qηqp +Bνσep
σ
 , V¯Mp¯ = 1√2

e¯p¯
µ
e¯ν
q¯η¯q¯p¯ +Bνσ e¯p¯
σ
 , (A.7)
where eµpeνp = −e¯µp¯e¯νp¯ = gµν , while the DFT-dilaton is expanded as
e−2d =
√−g e−2φ . (A.8)
The above DFT-Killing equations then reduce to
Lξagµν = 0 , LξaBµν + ∂µξ˜aν − ∂ν ξ˜aµ = 0 , Lξaφ = 0 ,
Lχagµν = 0 , LχaBµν + ∂µχ˜aν − ∂νχ˜aµ = 0 , Lχaφ = 0 ,
(A.9)
where L is the ordinary (Riemannian) Lie derivative.
Solving (A.9) for the DFT-Killing vectors (A.5) and (A.6) in D = 4 yields an expression for the most
general (Riemannian) metric and B-field,
ds2 = −N2(t)dt2 + a2(t)
[
1
1−kr2dr
2 + r2dΩ2
]
,
B(2) =
hr2√
1−kr2 cosϑ dr ∧ dϕ , φ = φ(t) ,
(A.10)
where ds2 = gµνdxµdxν , dΩ2 = dϑ2 + sin2 ϑdϕ2, B(2) = 12Bµνdx
µ ∧ dxν , and h is the same constant as
in (A.5). The corresponding H-flux,
H(3) = dB(2) =
hr2√
1− kr2 sin(ϑ)dr ∧ dϑ ∧ dϕ , (A.11)
is homogeneous and isotropic,
LξaH(3) = 0 , LχaH(3) = 0 . (A.12)
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It is worthwhile to express (A.10) in terms of cartesian coordinates,
ds2 = −N2(t)dt2 + a2(t)
[
dx2 + k (x·dx)
2
1−kx·x
]
,
B(2) =
h√
1−kx·x
[
zdx ∧ dy + 13
(
ydx−xdy
x2+y2
)
∧ d(z3)
]
= h√
1−kx·x
[
zdx ∧ dy − 13d tan−1
( y
x
) ∧ d(z3)] .
(A.13)
For h = 0 and k = 0 only, this cosmological ansatz is preserved and the OFEs are invariant under the entire
spatial T-duality rotation given in Table 1, c.f. [17]. In such cases the stringy energy-momentum tensor
assumes a simple form:
TAB =

0 Kµτ − 12T(0)δµτ
−Kσν − 12T(0)δσν 0
 . (A.14)
Note that as the metric and the corresponding vielbein are diagonal, we have eaµ = (e¯µa¯)−1 in the diagonal
gauge fixing of Spin(1, 3)× Spin(3, 1), and
Kµµ = ea
µe¯µ
a¯Kaa¯ = K
a
a¯ (no µ nor a , a¯ sum) ,
(A.15)
where a, a¯ are the local Lorentz vector indices which correspond to the same curved index µ.
In order to couple Stringy Gravity to matter, we must introduce a non-trivial energy-momentum tensor
TAB , which appears on the right-hand side of the Einstein Double Field Equations (2.1) and can be derived
case-by-case from the gravitational variation of an appropriate O(D,D)-invariant matter Lagrangian [21].
On homogeneous and isotropic backgrounds, we similarly require that this stringy energy-momentum tensor
satisfies
L˜ξaTAB = 0 , L˜χaTAB = 0 . (A.16)
The stringy energy-momentum tensor includes the independent components Kpq¯ and T(0), where
TAB := 4V[A
pV¯B]
q¯Kpq¯ − 12JABT(0) . (A.17)
With (A.2) and (A.17), (A.16) decomposes into
L˜ξaKpq¯ = 0 , L˜ξaT(0) = 0 , L˜χaKpq¯ = 0 , L˜χaT(0) = 0 . (A.18)
32
The latter two equations imply that T(0)(t) must be at most time-dependent, while the former equations
reduce to
LξaKµν = 0 , LχaKµν = 0 , (A.19)
where we have used the convention Kpq¯ = 12ep
µe¯q¯
νKµν . This follows from the generic expression of the
further-generalized Lie derivative acting on Kpq¯,
L˜ξKpq¯ = 14epµe¯q¯ν
[
2LξKµν +
{
2∂[µξ˜ρ] + Lξ(B − g)µρ
}
gρσKσν −
{
2∂[ν ξ˜ρ] + Lξ(B + g)νρ
}
gρσKµσ
]
,
L˜χKpq¯ = 14epµe¯q¯ν
[
2LχKµν +
{
2∂[µχ˜ρ] + Lχ(B − g)µρ
}
gρσKσν −
{
2∂[νχ˜ρ] + Lχ(B + g)νρ
}
gρσKµσ
]
,
(A.20)
together with the isometry conditions (A.9) and (A.18).
Combining these results and solving, we find that the most general form of Kµν in a homogeneous and
isotropic universe is diagonal,
Kµν =

Ktt(t) 0 0 0
0 Krr(t) 0 0
0 0 Krr(t) 0
0 0 0 Krr(t)

, (A.21)
where Ktt(t) and Krr(t) are time-dependent functions. Note in particular that the antisymmetric part
K[µν] = 0, which in three spatial dimensions is consistent with homogeneous and isotropic H-flux (A.12)
under the second Einstein Double Field Equation (2.4).
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